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Abstract. In this paper we present a complete classification of dual-extremal
lattices in dimensions 4 and 8, succeeded by incomplete results in higher di-
mensions. Furthermore we compare the notion of a dual-extremal lattice to
the notion of `-modular lattices in the sense of Heinz-Georg Quebbemann.

1. Introduction

Dual-extremal lattices were introduced by Siegfried Böcherer and Gabriele Nebe
in 2010 [BN10]. One, roughly spoken, calls a maximal even lattice of squarefree
level N and determinant N2 dual-extremal if the minimum of its rescaled dual
lattice exceeds or equals a calculable lower bound. This lower bound is obtained
through application of the theory of modular forms on the theta-series of the dual
lattice. These foundations from the theory of modular forms were proposed by
Tsuneo Arakawa and Siegfried Boecherer in 2003 [AB03]. The main purpose of this
work is to give a full classification of such lattices in dimensions 4 and 8, some data
on dimension 12, as well as some remarks on the relation to `-modular lattices in
dimension 4.

In section 2 we will briefly recall basic definitions and facts from the theory of
modular forms (2.1) respectively lattices (2.2). In section 3 we will explain the
connection of the lattices we consider to the theory of modular forms, and will
state the basic facts we need for the classification. This is succeeded by section 4
which introduces the notion of dual-extremal lattices and lists some results about
this notion. Finally in section 5 we will list information about the existence of
dual-extremal lattices in certain dimensions. Dimensions 4 and 8 are completely
classified.

2. Basics

2.1. Modular forms. The general reference for facts about modular forms is
[Miy89].

Let Γ(N) denote the following subgroup of SL2(Z):

Γ(N) :=
{ (

a b
c d

)
∈ SL2(Z)

(
a b
c d

)
≡
(

1 0
0 1

)
(mod N)

}
.
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We call such a group a principal congruence subgroup of SL2(Z). Any subgroup
Γ ⊂ SL2(Z) for which there exists an N so that Γ(N) is a subgroup of Γ is called
a congruence subgroup. Especially

Γ0(N) :=
{ (

a b
c d

)
∈ SL2(Z)

(
a b
c d

)
≡
(
∗ ∗
0 ∗

)
(mod N)

}
is an example of this notion.

Let f : H → C be a map. We denote the slash operator by

f |kA(τ) := det(A)
k
2 (cτ + d)−kf(A.τ),

where A ∈ GL2(Q) is operating on τ via the well-known Möbius transformation.

Amodular form is a holomorphic map of the upper half-planeH → C which satisfies
certain holomorphy conditions at the so called cusps as well as symmetries under
the action of a congruence subgroup Γ:

Definition 2.1. Let f : H → C satisfy

i) f is holomorphic on H
ii) f |kA = f for all A ∈ Γ
iii) f |kA is holomorphic at infinity for all A ∈ SL2(Z).

Then we call f a modular form of level N and weight k with respect to Γ.

Such a modular form is periodic with some period h ∈ N, it therefore posseses a
Fourierseries: f(τ) =

∑∞
n=0 an(f)qnh , where qh := e2πiτ/h. In the case of Γ0(N), h

can be choosen to be 1.

If furthermore f satisfies

a0(f |kA) = 0, for all A ∈ SL2(Z),

where a0 is the zeroth fourier coefficient of f , we call f a cusp form. We denote by
Mk(N), respectively Sk(N) the spaces of modular forms and cusp forms.

We will need two operators for the space of modular (cusp) forms of level N . To
begin with, we take a matrix of the form

WN
R :=

(
aR b
cN dR

)
, where det

(
WN
R

)
= R.

The associated operator |WN
R := |kWN

R , where R | N , is called an Atkin-Lehner
involution (cf. [AL70]). It is in fact an involution on the space of modular forms
for Γ0(N). Furthermore we consider Hecke operators for primes p dividing the level
N :

f(τ)|Up :=
∞∑
n=0

apn(f)qn.

2.2. Lattices. A general reference for facts about lattices and their theta-series
is [Ebe02]. We will restrict to the case of even Z-lattices.
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Definition 2.2. Let (V, b) be an euclidean vector space of dimension n. A Z-
lattice on (V, b) is a Z-submodule of (V, b) so that there exists a vector space basis
B = {b1, . . . , bn} of (V, b) with L =

⊕
b∈B Zb. Then B is called a lattice basis for L.

The matrix
GB := (b(bi, bj))ni,j=1, for bi,j ∈ B,

is called the gram matrix of L associated to the basis B. We define the determinant
of L to be det(L) := det(GB) for any lattice basis B.

To any Z-lattice L we can associate the dual lattice:
L# :=

{
v ∈ V ∀x ∈ L : b(x, v) ∈ Z

}
.

We fix some notation:

i) min(L) := min
{
b(v, v) v ∈ L

}
is the minimum of L.

ii) L is called integral if b(L,L) ⊂ Z⇔ L ⊂ L#.
iii) L is called even if b(x, x) ∈ 2Z, for all x ∈ L.
iv) NL := (L,N · b) is the by N rescaled lattice.
v) For L even we call lev(L) := min

{
N ∈ N NL# is even

}
the level of L.

vi) L is called unimodular if L# = L.
vii) L is called I-maximal for an ideal I ⊂ Z if L is a maximal lattice under

inclusion with b(L,L) ⊂ I. In particular L is even maximal if the latter is
valid for I = 2Z.

We can associate a group to any integral lattice: L#/L. This group can be equipped
with a bilinear form by the projection of b onto it. If L is even, we can associate a
quadratic form Q to L#/L via projecting 1

2b(x, x), x ∈ L#. It is easy to see that
in the latter case L is even maximal if and only if L#/L is an anisotropic group
with respect to Q.

From now on let L be an even maximal lattice of level N and determinant N2. The
following clarifies whether there exists such a lattice or not.
Proposition 2.3. Let N ∈ N be squarefree, (V,Q) be a positive definite quadratic
space of rank n = 2k over Q. An even maximal lattice L of level N and determinant
N2 exists if and only if n ≡ 0 (mod 8) and the number of prime divisors of N is
even, or n ≡ 4 (mod 8) and the number of prime divisors of N is odd.

Proof. This is proposition 3.4 in [BN10]. It relies on the product formula for the
Witt invariant in the only if direction. The if part can be proven by explicitly
constructing such a lattice, which we will sketch here. If the number of prime
divisors of N is odd and n = 4 we may take the maximal order (together with its
norm form) of a quaternion algebra ramified exactly in the primes dividing N , for
n = 8m+ 4 we may take the orthogonal sum of such a lattice and a 8k-dimensional
even unimodular lattice. In the other case we write N = N1 · N2 where both
factors have an odd number of prime divisors and we take the orthogonal sum of
the two maximal orders we obtain in this way, plus if necessary an appropriate
even unimodular lattice. A detailed treatment can be found in the authors diploma
thesis [Zim12]. �

The classification of dual-extremal lattices in certain cases relies heavily on the
neighbour method after M. Kneser [Kne57], with which one can compute the whole
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genus of a lattice. By genus of a lattice we mean all lattices L′ that are locally
isometric to L at every prime p. To use the neighbour method we need a lattice
to start with. Such a lattice will be obtained in the way we sketched in the proof
above. We therefore rely on the following:

Proposition 2.4. The even maximal lattices of level N and determinant N2 form
a single genus.

Proof. A rather detailed treatment can be found in [Zim12]. The proof relies on
the Theorem of Minkowski and Hasse (cf. (19.1) in [Kne02]) and the analysis of
the localisations of such lattices. �

The connection between lattices and modular forms is established via their theta-
series:

ΘL :=
∑
x∈L

q
b(x,x)

2 , where q = e2πiτ

ΘL =
∞∑
n=0

anq
n, where an denotes the number of lattice vectors of lenght n2 .

Recall that theta-series of even lattices of level N are modular forms with respect
to Γ0(N) and a certain character, which becomes trivial in doubly even dimensions.
So the lattices we consider give rise to modular forms for Γ0(N).

3. The space Mk(N)∗

From now on we fix N to be a squarefree positive integer, k to be an even positive
integer and p will always denote a prime number.

We will make use of the following subspace of Mk(N), respectively Sk(N), as
introduced in [AB03]:

Mk(N)∗ :=
{
f ∈Mk(N) ∀p | N : f |WN

p + p1−k2 f |Up = 0
}

(1)

Sk(N)∗ :=
{
f ∈ Sk(N) ∀p | N : f |WN

p + p1−k2 f |Up = 0
}

(2)

One can explicitly calculate the dimensions of these spaces (cf. [AB03], [BN10]):

dimSk(N)∗ = (k − 1)N
12 − 1

2 −
1
4

(
−1

(k − 1)N

)
− 1

3

(
−3

(k − 1)N

)
(3)

dimMk(N)∗ = (k − 1)N
12 + 1

2 −
1
4

(
−1

(k − 1)N

)
− 1

3

(
−3

(k − 1)N

)
.(4)

This is of particular interest because of an additional nice property of these spaces.
Following [AB03], we say that a space of cusp forms with respect to a congruence
subgroup Γ posseses the Weierstraß property if the subspace

WS :=
{
f ∈ S ordΓ

∞(f) > d
}
,

where d := dim(S) and ordΓ
∞(f) := min

{
n an(f) 6= 0

}
, is empty. A space of

modular forms is said to have the Weierstraß property if the corresponding cuspidal
subspace has it and if the codimension of S inM equals 1.
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It is easy to see that the Weierstraß property can equivalently be characterized
as follows: for f ∈ M the projection of f onto the first d := dim(M) Fourier
coefficients is bijective. From this immediately follows that there exists a unique
element fM corresponding to the projection (1, 0 . . . , 0). We call fM the extremal
modular form ofM.
Theorem 3.1. Let k be an even positive integer. The space Mk(N)∗ has the
Weierstraß property for any squarefree N ∈ N.

Proof. This is Theorem 2.2 in [AB03]. �

The extremal modular form will be denoted by:
fN,k := fMk(N)∗.

4. Dual-extremal lattices

From now on we denote by LN,k an even maximal lattice of squarefree level N and
determinant N2 and by DN,k its adjoint lattice (the by N scaled dual of LN,k).

The Weierstraß property for Mk(N)∗ yields the following: if there is any lattice
L with theta-series Θ(L) ∈ Mk(N)∗, we know that the minimum of L is bounded
from above by the smallest n 6= 0 so that an(fN,k) 6= 0. This works for arbitrary
spaces of modular forms which contain theta-series of lattices, and gives rise to the
notion of extremality. In particular we have:
Theorem 4.1. Let N be a squarefree positive integer, k be an even positive integer
and write n = 2k. Denonte by G the genus of even maximal lattices of level N and
determinant N2 and denote by G∗ the genus of the adjoint lattices NL#. Then:

Θ(G∗) ⊂Mk(N)∗.
If n > 4 equality holds.

Proof. This is Theorem 4.1 in [BN10]. �

Following [BN10] we define:

Definition 4.2. A lattice LN,k is called dual-extremal if Θ(NL#
N,k) = fN,k.

Remark 4.3. A rather well known different example of a space of modular forms,
having the Weierstraß property and containing theta-series of lattices, giving rise
to the notion of extremal lattices are the spaces of modular forms for the Fricke
groups, as considered by Quebbemann ( [Que95], [Que97]). These spaces contain
the theta-series of modular lattices (for a survey cf. [SSP99]). A lattice L is called
`-modular if `L# ∼= L. Note that in the here presented case of dual-extremal
lattices for dimension 4 these notions coincide in several cases: to start with the
lattice constructed according to the proof of 2.3 is easily verified to be N -modular.
Furthermore according to Theorem 3 in [Que95] every lattice in the genus of 4-
dimensional lattices of level p and determinant p2 is modular if and only if p < 37
or p = 41, 47, 59, 71. But for those primes the Hecke-Operators Up turn out to be
the identity onM2(p). So (??) reduces to

f ∈M2(p)∗ ⇐⇒ f ∈M2(N) and f = −f |W p
p .
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So M2(p)∗ is precisely the space of modular forms for the Fricke group in these
cases.

As a consequence of the dimension formulas one can derive:

Proposition 4.4. Given n ≡ 0 (mod 4), there are only a finite number of levels
for which the existence of a dual-extremal lattice is possible.

Proof. Recall that one denotes by δ(L) := min(L)
n
2

2n
√

det(L)
the center density of a lattice.

It is well known that this quantity can be explicitly bounded from above. Now
consider the inequality

min(DN,k) ≥ (k − 1)N
6 − 1

6
which follows from letting all the Kronecker symbols in (4) be equal to −1. Inserting
this yields

δ(DN,k) ≥
(

(k − 2)
24

)k
·N.(5)

Thereby the existence of a dual-extremal lattice for increasing N will eventually
contradict the bounds for the center density in dimension n. In dimension 4 one has
to slightly modify the argument, whatsoever, using

( 1
24
)k as constant in inequality

(5) will work. �

Inequality (5) can be used to classify all dual-extremal lattices in a given dimension.

Theorem 4.5 (Classification results).

Dual-extremal lattices in dimension n exist if and only if

(i) n = 4: N ∈ {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41}.
(ii) n = 8: N ∈ {6, 10, 15, 21, 22, 33, 34, 39, 46, 55}.

Furthermore for dimension 12 there exist dual-extremal lattices at least for the fol-
lowing levels:

N ∈ {2, 3, 5, 11, 17, 23, 29, 30}.

Proof. The first step was to use inequality (5) to reduce the problem to finiteness.
One obtains

N ≤ 72 for n = 4, and N ≤ 1296 for n = 8.
Because the inequality is not sharp in any sense it is worth bounding the center
density from below for high levels, this sorts out a lot of cases, in particular the
highest level one has to check after this in dimension 8 is 267. The next step
was to calculate the extremal form. If it has negative coefficients or non-integral
coefficients, no lattice can exist. All cases that are left afterwards were enumerated
using Knesers neighbour-method (cf. [Kne57]). Section 5 contains explicit tables
listing whether a form is valid or not, and if valid, the results of the neighbour-
method based search. It also gives more information on dimension 12. The results
of the neighbour-method computations were checked by using the well known mass-
formula (cf. [Kne02], (35.1)). �
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Remark 4.6. The classification is not complete, open cases are levels

N ∈ {41, 43, 47, 53, 59, 71, 282, . . . , 777}.

Remark 4.7. As we will see in the final section, the minimum of a dual-extremal
lattice does not have to equal twice the dimension of the corresponding space of
modular forms (which of course is a lower-bound). This is in contrast to the sit-
uation of extremal lattices for the Fricke groups, as it is well known that in this
case, the minimum of an extremal lattice always equals twice the dimension of the
modular forms’ space (cf. Theorem 2.1 in [SSP99]).

5. Results

All calculations were performed using MAGMA [BCP97]. We used the built-in
neighbor-algorithm as well as a self-implemented1 version of the two neighbor-
method as described by Scharlau and Hemkemeier (cf. [SH98]).

We will use the following abbreviations throughout this section: h will denote the
class number of the genus, he refers to the number of non-isometric dual-extremal
lattices, d is the dimension of the corresponding space of modular forms and m
denotes, if dual-extremal lattices do exist, the minimum of such a lattice.

Dimension 4. Levels N , for which dual-extremal lattices exist:

N 2 3 5 7 11 13 17 19 23 29 31 41
h 1 1 1 1 3 1 3 3 6 6 6 10
he 1 1 1 1 1 1 1 1 1 1 1 1
d 1 1 1 1 2 1 2 2 3 3 3 4
m 2 2 2 2 4 2 4 4 6 6 6 8

Remark 5.1. The cases N = 2, 3, 5, 7, 11 had already been considered in [BN10].

In all other cases complete enumeration of the genus did show that there are no
dual-extremal lattices.

Dimension 8. Levels N , for which dual-extremal lattices exist:

N 6 10 15 21 22 33 34 39 46 55
h 3 5 9 18 23 55 57 72 144 214
he 1 1 1 1 1 1 1 1 1 1
d 2 3 4 6 6 9 9 10 12 14
m 4 6 8 12 12 20 20 20 26 28

Remark 5.2. The cases N = 6, 10 had already been considered in [BN10].

In all other cases computation of the extremal modular form showed that it could
not be the theta-series associated to a lattice, because it had non-integral or negative
coefficients.

1This was done in joint work of Michael Jürgens and the author.
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Dimension 12. Levels N , for which dual-extremal lattices exist:

N 2 3 5 11 17 23 29 30
h 2 3 5 36 122 436 1244 592
he 2 1 2 2 1 2 1 1
d 1 2 2 5 8 10 12 12
m 2 4 4 10 16 20 28 28

Remark 5.3. The cases N = 2, 3, 5, 7, 11 had already been considered in [BN10].

We can prove the non-existence of a dual-extremal lattice for levels 7, 13, 19, 31 due
to complete enumeration of the associated genera. Futhermore the following levels
do not give rise to such a lattice, because the extremal modular form is non-integral
or has at least one negative coefficient:

N = 37, 42, 61, 66, 67, 70, 73, . . . , 281.
By using the bound obtained in (5) we can show that dual-extremal lattices are
only possible up to level 3182. By explicit computation of lower bounds on the
center desity one can improve this bound to 777.

There are several cases in which we cannot decide about the existence of a dual-
extremal lattice. For levels 41, 43, 47, 53, 59, 71 the neighbour-method is not appli-
cable because of memory overflow. The same happens if one wants to compute
the extremal modular form for levels greater than or equal to 282. Because there
is, up to now, no general formula to compute this form directly and we cannot
move on with the direct approach of computing it using linear algebra, we are not
able to make any further statements about these forms. We though conjecture
that there will be no dual-extremal lattices in these high cases, since the extremal
form isn’t integral for all levels greater than 105, so it would be very suprising to
obtain an integral form in these cases. We do not make any conjecture on the
open cases between 41 and 71. The forms could be theta-series, but because of
computational difficulties with the direct approach of calculating the genus via the
neighbor method, we are not able to answer this question yet.

Dimension 36. For level 2 there is at least one dual-extremal lattice in dimension
36, having minimum 6, matching the dimension-bound. It can be constructed as a
superlattice of the 2-modular lattice Bhurw9 (cf. [Bac97]).
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